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For a hypergraph H, we denote by 
(i) ,-(H) the minimum k such that some set of k vertices meets all the edges, 
(ii) u(H) the maximum k such that some k edges are pairwise disjoint, and 
(iii) ,X(H) the maximum k _> 2 such that the incidence matrix of H has as a submatrix the 

transpose of the incidence matrix of the complete graph K k. 
We show that ~-(H) is bounded above by a function of ~,(H) and A(H), and indeed that if 

),(H) is bounded by a constant then ~-(H) is at most a polynomial function of u(H). 

1. I n t r o d u c t i o n  

A hypergraph H consists of a finite set V(H) of vertices and a set E(H) of 
subsets of V(H) called edges. If  every edge is non-empty,  we denote by ~(H)  the 
max imum k such tha t  there are edges e l , . . . , e k  which are pairwise disjoint, and 
by T(H) the min imum k such tha t  there is a set X C_ V(H) with IXI = k which 
intersects every edge. 

It  is immedia te  tha t  T(H)>_ ~(H) ,  and in fact the "fractional" versions of these 
two parameters  are equal by linear p rogramming  duality. The  non-equal i ty  of T(H)  
and v(H) in general is a fundamenta l  p roper ty  (and critical difficulty) of  integer 
programming,  and more part icular ly of linear opt imizat ion in which the variables 
are constrained to take only the values 0 or 1. 

In fact there are several interesting types of hypergraph  for which equality 
holds; but  typically 7(H) > ~,(H) and indeed T(H) is not  even bounded  by any 
function of u(H) .  To see this, let Kn be the complete graph  on n vertices, and 
let H be the hypergraph  whose vertices are the edges of Kn and whose edges are 
the stars of  Kn (a star is the set of all edges incident with any one vertex). Then  
u(H) = 1 and T(H) >_ n/2. 

One way to  s tate  our  main result is to  say tha t  any such example ( that  is, 
any sequence of hypergraphs  with u bounded  and 7 unbounded)  contains this 
one, the hypergraph  of stars of Kn, for arbitrari ly large n. Let us formulate this 
more precisely. We define ,k(H) (or just  ,~, when only one hypergraph  is under  
consideration) to be the m a x i m um  k > 2 such tha t  there are edges e l , . . . , e k  with 
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the property that for 1 < i<j  < k, some vertex v satisfies 

{h: l<h<~ ,v~eh}=Gj} .  

We put )~(H) -- 2 if there is no such k. Our main result is 

(1.1) For any hypergraph with all edges non-empty, 

~-~ 1 1 / ~ 2 ( ~ + u + 3 ) (  A+u u)  2' 

Here are two applications of (1.1). 
Application 1. Let V be a finite set of points in the plane, and let C be a finite set 
of rectangles, each with sides parallel to the x- and y-axes, and each containing a 
member of V. Let k be a positive integer. Then either 

(i) there are k + 1 members of C such that  no member of V is in more than 
one of them, or 

(ii) there exists Y C V with }YI-< (k+63) 63 meeting every member of C. 
For, let H be the hypergraph with V ( H ) = V  and E ( H ) = { C n V  : C e C } .  

Suppose that  )~(H) > 64. Then there are 64 members C1,.. .  ,C64 Of H such that  
for 1 < i < j _< 64 there exists Vij E V belonging to Ci and to Cj and not to any 
of the other 62 rectangles. In particular Ci N Cj r 0 (1 < i < j < 64) and so, by an 
easily established property of aligned rectangles, N Ci ~& O. We may assume, 

1 < i < j <6 4  

therefore, that  each Ci contains the origin (0,0). 
For 1 _< i < j < 64, let us say that the pair ij has color 1, 2, 3 or 4 depending 

on which quadrant contains vii (choosing arbitrarily if vii belongs to more than 
one quadrant). We obtain a partition of E(K64) into four sets, and so by [3], there 
exist i] < i2 < i3 such that ili2, i2i3 and ili3 all have the same colors. But it is 
easy to see that  this is impossible. Hence ,k(H)<63. By (1.1), 

~- <_ 11. 632(u + 66 ) ( "  +6363~2/t <- (u + 63) 127 

This bound has now been improved to 2.105u 8 by Pach and T6r6csik [6]. 
Application 2. Let G be a graph drawn in a connected compact surface E, let X C_ 
V(G), and let k >__ 0 be an integer. Let n be maximum so that  Kn can be drawn 
in E. Then either there are k + l  members of X, no two on a common region, or 
there are < (n+  k) 2n+1 regions of G, with X in the closure of their union. 

For let H be the hypergraph with V(ttj the set of all regions of G and with 
edges ev (v E X), where ev denotes the set of regions incident with v. Now ,~(H) < 
n; for there exist ,k members of X, such that for any two of them some region is 
incident with those two and no others, and so K~x can be drawn in E. From (1.1), 

~ - ( H ) < l l n 2 ( n + u + 3 )  n u < ( n +  

since n >_ 4. 
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Actually, this is a weak form of a result of Bienstock and Dean [1]. 
For d_> 1, let us define Ud(H ) to be the maximum k such that  there are edges 

e],... ,e/~ with no vertex in more than d of them. (Thus u l ( H ) = u ( H ) .  ) Again, for 
any given d, ~- is not bounded by any function of ~d, and indeed Ud+l is not bounded 
by a function of u d (the latter is a stronger statement since T ( H ) >  Ud+i/(d+ 1)). 
For example, let K be the hypergraph of all (d+  1)-subsets of an n-set where n > 
d + l ,  and let H be the hypergraph with V ( H ) = E ( K )  and 

E ( H ) = { { e  : v E e E E ( K ) }  : v E V ( K ) } .  

Then uct(H)=d and Ud+l(H)=n. 
We can extend (1.1) to a result for ud(H ) as follows. For d >  1, we define Ad(H ) 

to be the maximum k >__ d such that  there are edges e l , . . . , e  k with the property 
that for all X C { 1 , . . .  ,k} with [ X l = d  , some vertex v satisfies 

{h : l < h < k ,  V E e h } = X .  
(If there is no such k we define Ad(H ) =d . )  Thus, A2(H)=A(H) .  We shall show 
that for any d_>2 and any hypergraph H,  ~-(H) (and thus also ud(H)) is bounded 
above by a function of Ad(H ) and ~d_l(H);  and then (1.1) will be obtained by 
setting d =  2. 

2. Fa i th fu l  se ts  

Let H be a hypergraph and d > 0 an integer. We say that Y C_ V(H) is d- 
faithful if for every X _C Y with IX I -- d which is a subset of an edge of H, there 
is an edge e E E(H) with e n Y = X. To prove (1.1) we need some results about 
d-faithful sets. We begin with the following. 

(2.1) Let c ~ O, let H be a hypergraph so that ]e I <_ cIV(H)I for every edge e, let 
d> 0 be an integer, and let k be an integer with d + l  < k < IV(H)I. Then there is a 

 - aith  1 cardinalJty > k (1- Gll) 
] 

Proof. We may assume that  r < 1, for otherwise the result is trivial, since the empty 
set is d-faithfnl. Let 

A - - ( X C V ( H )  : [Xi -- d and X C e for some edge e}. 

For each X EA, let f ( X )  C V(H) - X  be such that  X U f ( X )  E E(H). Thus, each 
f (X )  has cardinality < c n -  d < r  d), where n = IV(H)]. For each Z CC Y(g ) ,  let 

f l ( Z ) = { z f f Z  : there e x i s t s X E A w i t h X C Z a n d z E f ( X ) } .  

[n-d-l~ k-sets in V(H) which Now for each X E A and each z E f ( X )  there are k k - d - 1 ]  

include X U {z}, since d § 1 __< k < ]V(H) I. Thus, summing over all Z C V(H) with 
IZ]=k,  we obtain 

 la(z)l<_  (If(x)nzl : X e A ,  X C Z ) -  - d  
Z Z X E A  zEf(X) 

( : )  (:) n - d -  < r  k d = r  d " 
_< k - d  - 

XEA 
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Consequently there exists Z C V(H) with IZI = k such that I/3(z)t <_ ck(kdl) .  Let 
Y : Z - / 9 ( Z ) .  Then Y is d-faithful, for if X C_ Y and X E A then f ( X )  c ~(Z) and 
so ( X U I ( X ) ) N Y = X .  But 

IYl = lZ] - l/3(Z)l > k -  e k (  k - l ) -  d 

as required. 

We deduce 

(2.2) Let E>_O, let H be a hypergraph such that l<clV(H)] and lel<sjV(H)l for 
every edge e, and let d be an integer with 1 < d< ]V(H)I. Then there is a d-faithful 
set of cardinMity 

1 d [d!  
> d~-7 \d+l ] 

1 

Proof. Let k be the smallest integer with k > <~-~7~ ] , and let n : IV(H)1. 

Since d <_ n, there is a subset of V(H) of eardinality d, which is trivially d-faithful. 
We may assume that it does not satisfy the theorem, and consequently that d+l <_ 
h. Now 

d[ Ttl_ d < dd_lnl_ d < I < ~?~, 
d + l  

and so 

( d! _ l h  1/d 
n >  \ d + l  ] ; 

and hence k < n, from the definition of k. We have shown then that d +  i < ~ < n. 
From (2.1) there is a d-faithful set X of cardinality at least k J ( 1 - e ( k ~ l ) ) .  But by 

/ 

the minimality of k, 

and so 

and consequently 

k-i< c - I  -< + ) ' 

) c-1 k-1 <(k-l) d< 
d - d! - d + l ;  

i X l _ > k ( 1  - ( k - 1 ) ) _ > k (  1 1 ) d 
c d d + l  = d - - - ~  k 

The result follows. | 
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3. R a m s e y ' s  t h e o r e m  

Let  k, r ,  s >_ 0 be integers. We denote  by R(k,r,s) the smallest  integer n ___ 0 
such tha t ,  if V is a set of cardinal i ty  n, then  for every set A of k-subsets  of V, ei ther 

(i) there  exists X C_ V with  IXI > r such t ha t  every k-subset  of X belongs to 
A, o r  

(ii) there  exists Y __ V with  IY[ > s such t ha t  no k-subset  of Y belongs to A. 
Ramsey ' s  theorem asserts t ha t  R(k,r,s) exists, for all k, r, s. Trivially 

R ( 1 , r , s ) = r + s + l ,  and it is easy to see t ha t  R(2,r,s)< (r+s). 
Let  H be a hypergraph ,  and d > 1 an integer. We denote  by a d or ad(H ) 

the m a x i m u m  of ~ w(v), t aken  over all functions w : V ( H ) ~ Z +  ( the non- 
~CV(H) 

negat ive integers) such t ha t  ~ w(v)<_d for every eEE(H).  Thus,  c~ d is defined if 
v~e 

and only if every ver tex  belongs to an edge. 
A subset  Z C_ V(H) is said to be d-complete (in H) ,  where d_> 0 is an integer, 

if IZ[ > d and for every X _C Z with  IXI = d there  is an edge e E E(H) with e N Z = 
X .  We define Cd or Cd(H) to be the m a x i m u m  cardinal i ty  of a d-complete  subset  
of V(H), or Cd=d if there  is no such subset.  

(3.1) Let H be a hypergraph with V(H) ~ 0 such that every vertex belo• to an 
edge, and let d >>_ 2 be an integer. Then there exists e E E(H) such that 

d!d d 
IV(H)l[e----J---[ > (d + 1)d+lR(d, 6d, ad-1) -g. 

Proof .  Let  IV(H)I =n, and let 

c - -  
d!d d 

(d + 1) d + l  ]~(d, Cd, O~d-1) -d. 

NOW Cd > d > d -  1, and ad_  1 k d -  1 since V(H) # ~, and so R(d,r ad_l) k d. 
Consequently,  ~ < d -1 .  Suppose for a contradic t ion tha t  ]e I < ~n for every edge 
e. Then  cn > 1 since H has a non -empty  edge, and so d < n. By  (2.2) there is a 
d-faithful set Z C V(H) with 

1 

)Z] >_ d+ 1 e = R(d,r ad_3). 

Let A be the set of all X C Z with  IXI = d  such tha t  X C e for some edge e. By 
definition of OZd_l, there  does not exist Y C_ Z with  IYI > OZd_ 1 such tha t  IY (?e I _< 
d - 1 for every edge e E E(H), and in par t icu lar  there does not exist Y _C Z with  
I YI > C~d_ 1 including no m e m b e r  of A. By  definition of R(d, 6d, ad-1), there  exists 
Y C_ Z with  IYI > Cd such tha t  A contains every d-subset  of Y. We claim tha t  Y is 
d-complete.  For let X C_ Y with  IXI = d. Since X E A, there  exists e E E(H) with  
X C__ e. Since IXI = d and Z is d-faithful,  e m a y  be chosen so t ha t  e n Z = X ,  and 
in par t icular  e C~Y = X.  Thus  Y is d-complete.  Yet IYI > Cd, a contradict ion.  I t  
follows tha t  [e I > ~n for some edge e. | 
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4. Multiplying vertices 

Let H be a hypergraph and let w : V(H) --+ Z+ be a function. We denote 
by H w the hypergraph obtained as follows. For each v ~ V(H) let W(v) be a set 
of cardinality w(v), so that  the sets W(v) (v ~ V(H)) are mutually disjoint. Let 
V( Hw)= U W(v). Let the edges o f H  w be the sets U W(v), as e ranges over 

vEV(H) v~e 
E(H). Thus, roughly, H w is obtained from H by replacing each vertex v by w(v) 
copies of itself. 

(4.1) Let H be a hypergraph and w : V(H)--~Z+ a function; and let d> l be an 
integer. Then Cd(H w) < Cd(H). 

Proof. Let the sets W(v) (v E V(H)) be as above. By definition, t d ( H )  k d, and so 
we may assume that td(H w) >_d+l .  It follows that  there exists Z C_V(H w) with 
I ZI = td(H)>_ d + 1, such that  Z is d-complete in H w. We claim that  

(i) IZ r l  W(v)t < 1 for each v E V(H). 

For let v E V(H), aad suppose that  ]Z M W(v)l > 2. Since IZ] > d + 1 and d > 1, 
there exists X C Z with IX I = d  such that  XfqW(v) 50  and W(v) NZ ~ X .  Since 
Z is d-complete in H w, there exists e E H  w with e N Z = X .  Then W(v)C e, since 
X fq W(v) 5s 0; and so W(v) M Z c_ e fq Z = X, a contradiction. This proves (i). 

Let Y = { v E V ( H )  : Z n W ( v ) r  By (i), IYI=IZ],  and we claim that  Y is 
&complete in H.  For let X C Y  with IX[=d, and let X ' = U { Z N W ( v  ) : v e X } .  
Then ]X'] = IX[ = d  and X~_C Z, and so since Z is d-complete in H,  there exists f E 
E(H w) with f n Z = X ' .  Let eEE(H) be such that  f =U{W(v) : vEe}. Then 

U (w(v) n z) = x' = U n z) 
vEe vEX 

and since the sets W(v) n Z (v ~ Y) are disjoint and non-empty, it follows that  
eAY--- -XNY=X.  Hence Y is d-complete in H,  and so 

r  = IZl = IYI <_ t A H )  

as required. I 

Let H be a hypergraph. We denote by a*(H)  the maximum of ~ w(v), 
veV(H) 

taken over all functions w : V(H) ~ N+ (the non-negative reals) such that  
E w(v)<_ 1 for every e E E(H). Thus, a* (H) is defined if and only if every vertex 
vEe 
belongs to some edge. It is easy to see that  

l i m  d a d ( H ) ~  max dad(H)= a*(H), 
d--~c<) d > l  

From (3.1) and (4.1) we deduce 
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(4.2) Let H be a hypergraph such that every vertex belongs to an edge, and let 
d >_ 2 be an integer. Then 

a*(H)  < (d + 1) d+l 
d!dd R(d, Cd, OZd-1) d" 

Proof. There exists w : V(H) ~ ~+ such that ~ w(v) < 1 for every edge e, and 
v C e  

w(v) =(~*(H); and w may be chosen rational-valued, as is easily seen. Let 
~CV(H) 
N > 0 be an integer such that w'(v)=Nw(v) is an integer for all v C V(H). Define 
H w' using sets W(v) (v e V(H)). Now 

IV(HW')I=- E w ' ( v ) =  E Nw(v)=Na*(H) .  
vCY(H) ~CV(H) 

For each edge e'EE(HW'), let eeE(H)  be such that e '=  U W(v); then 
v C e  

le'l = ~ ~'(v) = ~ N~(v) < N 
v E e  v E e  

Consequently, 

le'l < ~*(H) -1 
IV(HW')[ 

for every e' E E(H w') (for we may assume that a* (H) > 0, since otherwise the result 
is trivial). 

By (3.1) applied to H w', 

oz* (H) -1 > d!dd w' 
(d + 1) d+l R(d, Cd(H ), ad_l(HW')) -d. 

But Cd(HW')<r by (4.1), and clearly ad_l(HW')<ad_l(H), and so 

W I ?~O I 

R(d,r >_ R(d,r ) ,ad-l(H )). 

It follows that 

~*(H) < (d + 1) d+l R(d, Cd(H), ad_l(H)) d 
d!d d 

as required. I 
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5. V a p n i k - C h e r v o n e n k i s  d i m e n s i o n  

For a hype rg raph  H with  IE(H)] > 1, we denote  by 5 or 6(H) the  Vapnik- 
Chervonenkis dimension of H ,  t ha t  is, the m a x i m u m  cardinal i ty  of a subset  Z C 
V(H) such tha t  for every X_C Z there exists e E E(H) with e M Z = X .  (See 
[2,4,8].) We see tha t  5(H) > O, and 5(H) = 0 if and only if IE(H)I = 1. We need 
a s t rengthening of a result  of Haussler  and Welzl [4], due to Blumer ,  Ehrenfeucht ,  
Haussler  and W a r m u t h  [2]. (See also [5] for a more  general  result  wi th  the s t rongest  
known bounds. )  For the reader ' s  convenience (and since wha t  we really want  is a 
slight var iant  of the  la t ter  result) we give a proof  in full. (Logar i thms are to base 
2.) 

(5.1) Let  H be a hypergraph with IE(H)[ > 2, and let 0 < e < 1, such t ha t  le I k 
clV(H)I for every edge eEE(H). Then T < a 6 e - l l o g ( l l e - 1 ) .  

We use the  following l e m m a  of [8]. 

{5.2) Let H be a hypergraph with ]V(H)I=n and E(H)r Then 

(o),(:), 
Proof .  We proceed by induct ion on n. If  n < 6 the result is clear, and so we assume 
tha t  n > 5 and in par t icular  n > 0. Choose v E V(H). Let H1 be the  hype rg raph  
with V(H1)=V(H) - {v} and 

Z ( H ~ )  = (e n ( v ( , ~ )  - { ~ } )  : e e z ( d ) } ;  

t hen  6(H1) _< 6(H), and so IE(H1)I  _< (no l )  + ...  + (nTi)  f rom the induct ive 
hypothesis .  Let H2 be the hyperg raph  with  V ( H 2 ) = V ( H ) - { v }  and 

E ( H 2 ) = { e E E ( H )  : v ~ e a n d e U { v } E E ( H ) } .  

Then  IE(H1)I  + ]E(H2)I  = IE(H)I. If  E ( H 2 )  = 0 then  IE(H1)I  = IE(H)I and the  
result  follows, and so we assume E(H2) ~ 0. Hence 6(H2) exists and 6(H2) < 
~(H) - 1 Consequently, IE(H2)I <_ ( ~ )  + . .  + (~_J ,  and the result follows by 
adding. | 

P r o o f  of  (5.1). Let  V(H) = V and IVl = n. Let  ~- = 26c -1  log(co-Z);  we shall prove 
t ha t  e < 11, f rom which the t heo rem follows. Let  t = ~- - 1. We may  assume tha t  
t > 6, for otherwise the theorem holds. 

For each e E E(H), let As be the set of all (xl,...,x2t) E V 2~ such tha t  
Xl,...,xt f~e and I{xt+l,...,x2t}rhe I>_ct-1; and let A = U ( A e  : e c E ( H ) ) .  
Let (xz,...,xt) E V t. Since t < % i t  follows tha t  there  exists e E E(H) with 

We now make use of the  fact t ha t  the  median  of a b inomial  d is t r ibut ion is 
wi thin  one of its mean;  this can be deduced, for example,  f rom inequali ty (v) on 
the  b o t t o m  of page 404 of [7]. Since [e I > s t ,  it follows tha t  there  are at  least nt/2 
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s e q u e n c e s  (xt_kl , . . .  ,~c2t ) s u c h  that (2 :1 , . . .  , X2t ) E Ae. Summing over all (xl, . . . ,xt),  
we deduce that  IAI _> n2t/2. 

For (Xl, . . .  ,x2t)E V 2t, its support is the function At with domain V, where for 
v C V, At(v) is the number of values of i (1 < i _< 2t) with xi = v. Let At be the support 
of a member of V 2t. Let S be the set of all (xl, . . . ,  x2t) E V 2t with support #, and 
let Se=SMAe for eEE(H). We claim that  for each acE(H),  IS~l _<21-et[S[. For 
let k = ~ At(v). If k > t or k < e t -  1 then Se = 0 and the inequality holds; and 

vC:e 
otherwise 

t ( t  - 1 ) . . .  (t - k + 1) ISl ~ 2-klSI ~ 2 1 - ~ l S l .  
IS~I = 2 t ( 2 t  - 1 ) . . ,  (2t - k + 1) 

This proves the claim. Now let X = { v c V  : # (v )>0} .  I re ,  fEE(H)  and e ~ X =  
f n X  then S e = S f ;  and by (5.2), since [XI <2 t  and t > 5 > 1 ,  there are at most 

(2t + 2) 5 < 41(87_6_1) 5 
(6 - ~)! - 

edges e E E(H) with the sets c M X distinct. Hence there are at most that  many 
distinct sets Se, and so 

U s~ ~ ~(89-6-1)621-~t1s I. 

~eE(H) 

Every member of A belongs to U Se for some choice of #, and so, summing 
oct (H)  

over all At, we deduce that 

1 (8T6_t)521_etn2t. IAI _< 

Since IAI_> n2t/2, it follows that  (8T6-1)52-ct_> 1, and hence 

89-6 - 1  ~ 2 etS-1 > 2 e r 5 - 1 / 2 .  

Now 7 = 2 &  -1 log(ca-I) ,  and so 

16e -1 log(ca -1)  > c2e-2/2. 

We wish to prove that  c < 11, and we may therefore assume that  c a - l >  c > e, and 
hence that  

log(ca -1 ) log(c) 
< -  

ca  - 1  C 

Cdnsequently, 321og(c)> c 2, and hence c < 11. The result follows. I 

We also need the following. (H w is defined in Section 4.) 
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(5.3) Let H be a hypergraph with E(H) ~ O, and let w : V(H) -~ Z+. Then 
5(H~)_<~(H).  

Proof. Let the sets W(v) (v E V(H)) be as in the start of Section 4. Now E(H w) 
(0; let ZC_V(H w) with IZI--5(H w) such that  for all XC_Z there exists f E E ( H  w) 
with f N Z = X .  As in (4.1), IZnW(v)l<_l for all veV(H).  Let 

z : {v e V ( H ) :  IZ n W(v)l : 1}; 

then the result follows as in (4.1). | 

The following method of reformulating (5.1) is due independently to L. Lovs 
(private communication) and to Koml6s et al. [5]. If H is a hypergraph with all 
edges non-empty, we define 7" or ~-*(H) to be the minimum of ~ w(v), taken 

~V(H) 
over all functions w : V(H)-*~+ such that  ~ w(v)>_ 1 for every eeE(H).  

vEe 

(5.4) Let H be a hypergraph with IE(H)I > 2 and with every edge non-empty. 
Then 

T ~ 25T* log(liT*). 

Proof. Choose w* : V(H)---~I~+ such that  E w*(v)=T*(g)and ~ w * ( v ) > l  
vEV(H) vEe 

for every e E E(H). We may choose w* rational-valued. Let N > 0 be an integer so 
that w(v) = Nw* (v) is an integer for all v e V(H). Then 

[v(gw)]= E w ( v ) = N  E w*(v)=NT*(H) 
~V(H) ~V(H) 

and for every edge f=U(W(v)  : vee) of H ~ (where eeE(H)  and the sets W(v) 
are as usual) we have 

Ill = ~ l W ( v ) l  = ~ - ~ ( v )  = N~-~w*(v)  >_ g .  
v C e  v C e  v C e  

(In particular, every edge of H TM is non-empty.) Consequently, Ifl >- clV(HW)] 
where c = (T*(H)) -1. Certainly T*(H) > 1, since 5(H) > 0 and so E(H) # 0; and 
hence 0 < r < 1. If ]E(H~)I < 1, then T(H w) < 1 and so ~-(H) < 1, and since 7" ( g )  >_ 
1 and 5 ( H ) ~  1 the result is true. We may assume then that ]E(HW)] > 2. By (5.1) 
applied to H w, 

~(g  ~) _< 25(H~)~ -~ log(11~-~). 
But r -1 =T*(H) ,  and 5(H w) < 5 ( H )  by (5.3), and ~-(H w) >T(H) as is easily seen; 
and so 

T(H) < 2 6 ( H ) T * ( H ) l o g ( l l r * ( H ) )  

as required. | 

(5.5) Let H be a hypergraph, and let d >_ 1 be an integer. Then ~ < ()'ad+l) . 

[),d(H) was defined in Section 1.] 
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Proof. Suppose that 6(H) > (;~d(H)+]). Let B be a set of cardinality Ad(H ) + 1, 
and let A be the set of all subsets of B of cardinality d. Then 6(H) > IA], and we 
may therefore choose distinct UA (A E A) in V(H)  such that  for every X C S there 
is an e d g e e E E ( H )  w i t h S M e = X ,  whereS----{UA : AEA}. For e a c h b e B ,  let 
Xb={UA : A E A ,  bEA} .  Then for e a c h b E B  there exists e b E E ( H )  such that 
S Aeb----X b. It follows that  for all A E A and b E B, UA E e b if and only if b E A. Now 
since the sets X b (b E B) are all distinct, so are the edges e b (b E B). Let A E A; then 
{e b : b E B, UA E eb} = {eb : b E A}. Consequently, Ad(H ) > IB], a contradiction. I 

From (5.4) and (5.5) we deduce the following. 

(5.6) Let H be a hypergraph with every edge non-empty, and let d>> 1 be an integer. 
Then 

Let H be a hypergraph. We denote by H t the hypergraph with V ( H  ~) = E ( H )  
and with 

E(H t)={{eEE(H) : eEv} : vEV(H)}. 

Roughly, H t is obtained from H by transposing the vertex/edge incidence 
matrix. However, we defined E(H) to be a set rather than a multiset, and so all 
edges of a hypergraph are distinct. Thus, since there may be pairs of vertices of 
H in precisely the same edges, it is possible that IE(hrt)I ~ ]V(H)]; and in general 
(H~)~ # H. 

From (5.6) and (4.2) we deduce our main result, the following. 

(5.7) Let H be a hypergraph with every edge non-empty, and let d>_ 2 be an integer. 
Then 

< lineR(d, Ad, .~_~)d log(SR(d, ~d,.~-~)). 
Proof. By (4.2) applied to H ~ we deduce 

a , ( H t )  _< (d + 1) d+l 
d!dd R(d, r ad_ ] (H~)) d. 

But a*(H t) = ~-*(H) by linear programming duality, Cd(H ~) : hd(H), and 
~ d _ l ( H t ) : , d _ l ( H ) .  We deduce that 

~*(n) _< (d+ 1) d+~ d!dd R(d, Ad(H), "d-1 (H)) d. 

The result follows from (5.6), after some arithmetic. I 

By setting d=2 in (5.7) and using the fact that m2,~,~)_< C+9 (and hence 
logR(2,r,s) <rq-s) we obtain (LI). In particular, it follows that if either p or A2 
is bounded above by a constant then T is bounded above by a polynomial in 12 or 

respectively. 
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